Recent work in the literature has studied rigid Casimir cavities in a weak gravitational field, or in de Sitter spacetime, or yet other spacetime models. The present review paper studies the difficult problem of direct evaluation of scalar Green functions for a Casimir-type apparatus in de Sitter spacetime. Working to first order in the small parameter of the problem, i.e. twice the gravity acceleration times the plates' separation divided by the speed of light in vacuum, suitable coordinates are considered for which the differential equations obeyed by the zeroth-and firstorder Green functions can be solved in terms of special functions. This result can be used, in turn, to obtain, via the point-split method, the regularized and renormalized energy-momentum tensor both in the scalar case and in the physically more relevant electromagnetic case.
I. INTRODUCTION
It is frequently the case, in theoretical physics, that an abstract mathematical framework finds application to the expression of laws which were previously unknown or evaluation of effects that was otherwise requiring too long a time. For example, pseudo-Riemannian geometry and tensor calculus were precisely the tool that Einstein needed to formulate his geometric theory of the gravitational field [1] , and the wave equation describing massless spin- 1 2 fields was discovered by Weyl well before any phenomenological evidence for the existence of these particular spinor fields in nature. As further examples, the duality symmetry possessed by vacuum Maxwell theory was later applied to shed new light on all conceivable string theories [2] . On the side of applications, the theory of ordinary differential equations provided, as an example among the many, the appropriate framework for understanding a peculiar link between axial and polar perturbations of a Schwarzschild black hole [3] .
In recent years, a lot of encouraging theoretical progress has been made on the energymomentum description of a Casimir apparatus in a weak gravitational field [4] [5] [6] , and there are now very strong theoretical reasons to believe that Casimir energy obeys the modern version of the equivalence principle and hence gravitates [7] [8] [9] [10] [11] [12] . For our purposes, it is of basic importance that a regularized and renormalized energy-momentum tensor T µν has been evaluated for a Casimir apparatus in a weak gravitational field. On denoting by a the plates' separation, by g the gravity acceleration and by c the speed of light in vacuum one can consider the small parameter ε ≡ 2ga c 2 (1.1) and compute, to first order in ε, all components of T µν by a careful and patient application of the point-split method [13, 14] , checking also that covariant conservation of T µν is fulfilled and that quantum Ward identities, relating photon and ghost Green functions, are satisfied [4] . A simpler check is also available, i.e., the evaluation of T µν for a scalar type Casimir apparatus, for which Dirichlet or Neumann boundary conditions on the plates are imposed [5, 6] , rather than the mixed boundary conditions appropriate for gauge fields [15, 16] .
In our short review we shall also find it useful to recall that, ever since DeWitt made extensive use of the Hadamard-Ruse-Synge world function [17] [18] [19] for the evaluation of Green functions in curved spacetime, with application to radiation damping in a gravitational field [20] , quantum field theory in curved spacetime [21] and full quantum gravity [22] , the topic has attracted a lot of interest because it is well suited for physical applications, in particular for obtaining the regularized and renormalized energy-momentum tensor of quantum fields that are coupled to a classical gravitational background.
As we said before, in [4] [5] [6] , such techniques have been used to establish on firm ground the physical prediction [7] that a Casimir apparatus, when put in a weak gravitational field, will experience a very tiny push in the upwards direction, behaving therefore as if it were equivalent to an experimental device of negative mass. Although the resulting force is so small that only a significant progress in signal-modulation techniques would make it testable [7] , the effect is, conceptually, of extreme interest, and physicists should have learned, by now, how important can gedanken experiments turn out to be.
Later on, the work in [11] , motivated by the recent discovery that we live in a universe undergoing accelerated expansion [23] , studied vacuum fluctuation forces in de Sitter spacetime. What was lacking therein, however, was a systematic perturbative evaluation of scalar and electromagnetic Green functions from the complicated differential equations that can be used to define them in the first place, when supplemented by suitable boundary conditions.
The plan of our review paper is therefore as follows. Section 2 writes the partial differential equations for a scalar Green function in closed slicing coordinate system. Section 3 considers the integral representation for Green functions of partial differential operators on curved Riemannian manifolds, which is an useful byproduct of the symbolic calculus for more general, pseudodifferential operators on Riemannian manifolds. Concluding remarks and open problems are presented in section 4.
II. PARTIAL DIFFERENTIAL EQUATIONS FOR THE SCALAR GREEN FUNC-TION IN CLOSED SLICING COORDINATE SYSTEM
It is well known that de Sitter spacetime can be viewed as an hyperboloid embedded in flat five-dimensional Minkowski spacetime [24] with coordinates x 0 , x 1 , x 2 , x 3 , x 4 . That is, it is defined as the hypersurface with equation
with L > 0, embedded in the space R 5 with metric
The metric induced on the hyperboloid by the ambient metric (2.2) can be written as
where µ, ν = 0, 1, 2, 3 and η µν = diag(−1, 1, 1, 1) is the flat four-dimensional Minkowski metric.
By following [11] , the joint effect of de Sitter and weak gravitational field can then be described by the metric tensor
where, following Refs. [4] [5] [6] , ε ≡ 2ga c 2 , a being the plates' separation of the Casimir apparatus, while g is the gravity acceleration and c the speed of light in vacuum.
At this stage, we would like to remark that in this work we follow a different approach than used in [11] . Indeed, while in [11] the author considers a second-order approximation, near x = 0, of the metric (2.4), that is
5)
here we prefer to keep the metric intact in all the following calculations. This choice is motivated by the fact that, in the derivation of the Green function equations, we will obtain a differential equation that, despite its apparent difficulty, is known to be be exactly solvable.
Clearly, this would not be the case if we considered the approximation (2.5), instead. Now, by using the so-called closed-slicing coordinate system ω ≡ (t, θ 1 , θ 2 , θ 3 ) defined by
7)
x 2 ≡ L cosh(t/L) sin θ 1 cos θ 2 , (2.8)
9)
the metric in eq. (2.4) becomes diagonal and has the form
With this choice of coordinates, the scalar curvature is given by
We collect in appendix A the complete list of Christoffel symbols.
The partial differential equation for the scalar Green function G(ω, ω ′ ), in case of arbitrary coupling to the gravitational field, with parameter ξ, reads as
As a next step, following the technique of Refs. [4] [5] [6] , we consider the asymptotic expansion of differential operator, scalar curvature and Green function in powers of the dimensionless parameter ε in (1.1), i.e.
Working to first order in ε, the differential equation for the full Green function can be therefore split into a pair of partial differential equations for the zeroth-and first-order terms, respectively, i.e.
and
With the notation in appendix B, one has
19)
20)
where △ 3 denotes the Laplacian on the 3-sphere, i.e.
while the source-like term takes the form
having set (see again appendix B for all coefficient functions)
cosh(t/L)(7 cosh(2t/L) − 5) sin θ 1 sin θ 2 cos θ 3 .
(2.25)
The zeroth-order Green function G 0 (ω, ω ′ ) has been already obtained in the literature [25] [26] [27] [28] and it reads as and γ is the angle between (θ 1 , θ 2 , θ 3 ) and (θ ′ 1 , θ ′ 2 , θ ′ 3 ). At this stage, the explicit evaluation of G 1 (ω, ω ′ ) remains rather difficult, which is why we are also considering the broader framework outlined in the following section.
III. INTEGRAL REPRESENTATION OF THE GREEN FUNCTION
Whenever one deals with partial differential operators on curved Riemannian manifolds (for gauge theories, they can be viewed as acting on smooth sections of vector bundles over spacetime), the momentum-space representation is no longer possible in general, because in a generic curved spacetime the homogeneity properties needed for the use of Fouriertransform techniques are lacking. Thus, the analysis of ultraviolet or infrared regimes for propagators becomes much harder.
However, mathematicians have developed a powerful symbolic calculus for pseudodifferential operators, which admit the differential operators of theoretical physics as a particular case (but are non-local, unlike the genuinely differential operators). The work of Widom [29] and Gusynin [30] , among the others, implies that, for a generic curved background in four dimensions, the Green function G(x, x ′ ) of the wave operator can be evaluated according to the recipe
is the corresponding amplitude. The amplitude and phase functions make it possible to achieve a geometric, manifestly covariant expression of the Green function in coordinate space, despite the lack of the standard Fourier-transform methods of flat-space field theory.
In the integrand of (3.1), we now consider the following asymptotic expansions in the neighbourhood of ε = 0:
With our notation, g 0 is the determinant of the unperturbed metric (2.3) and P 1 is the firstorder perturbation which, in the closed-slicing coordinates, is the coefficient of δ(ω − ω ′ ) in (2.23). Thus, writing hereafter ω 1 ≡ t, ω 2 ≡ θ 1 , ω 3 ≡ θ 2 , ω 4 ≡ θ 3 , and by making a comparison with (2.16), we find the following forms of G 0 and G 1 (since the asymptotic expansions, if they exist, are unique):
5)
At this stage, since the operator 0 in Eq. (2.19) can be re-expressed as
where
we find, upon defining
the following form of the partial differential equation for G 1 (ω, ω ′ ):
This equation should be solved for l 1 (ω, ω ′ , k) and σ 1 (ω, ω ′ , k; λ), and our current work is aimed at finding the explicit solution.
IV. CONCLUDING REMARKS
The attempt of finding by direct calculation the Green function for a Casimir cavity in curved spacetime depends on the researcher's ability to solve an involved set of partial differential equations in such a framework. From the mathematical point of view, this means having the opportunity to learn a lot more on the solvability of hyperbolic equations on a manifold. From the physical point of view, this can teach us new profound lessons on the physical implications and applications of vacuum energy [31] . More precisely, the theoretical work in [12] has proved that Casimir energy gravitates like any other form of energy, and this holds independently of the orientation of the Casimir apparatus relative to the gravitational field. The authors of [12] find that the total Casimir energy, including the divergent parts which renormalize the masses of plates, possesses the gravitational mass demanded by the equivalence principle (see also [32] ). When the surface energy density residing on the Casimir plates is included, the integrated energy density equals the total energy. It would be extremely interesting to understand to which extent such results can be extended to the Casimir apparatus considered in our paper and in [11] ).
We should also bring to the attention of the general reader the important work on the Casimir effect in [33, 34] , where the authors have studied a massive scalar field with arbitrary curvature-coupling parameter, in the region between two infinite parallel plates, on a de Sitter background. Among the many interesting results obtained therein, the decay of the Casimir force at large plate separation has been shown to be power law, regardless of what value the field mass takes.
we find that the only non-vanishing terms are 
(1) Γ 1 11 = 3 2a sinh(t/L) cosh 2 (t/L) sin θ 1 sin θ 2 cos θ 3 ,
(1) Γ 2 11 = 1 2aL cosh(t/L) cos θ 1 sin θ 2 cos θ 3 ,
(1) Γ 3 11 = 1 2aL cosh(t/L) cos θ 2 cos θ 3 sin θ 1 ,
(1) Γ 1 12 = L 2a cosh 3 (t/L) cos θ 1 sin θ 2 cos θ 3 ,
(1) Γ 1 22 = − L 2 a sinh(t/L) cosh 4 (t/L) sin θ 1 sin θ 2 cos θ 3 ,
(1) Γ 1 13 = L 2a cosh 3 (t/L) sin θ 1 cos θ 2 cos θ 3 ,
(1) Γ 1 33 = − L 2 a sinh(t/L) cosh 4 (t/L) sin θ 2 cos θ 3 sin 3 θ 1 ,
(1) Γ 1 14 = − L 2a cosh 3 (t/L) sin θ 1 sin θ 2 sin θ 3 ,
(1) Γ 1 44 = − L 2 a sinh(t/L) cosh 4 (t/L) sin 3 θ 1 sin 3 θ 2 cos θ 3 .
(A20)
Appendix B: Notation for our differential operators
In section 2 the coefficients occurring in our second-order partial differential operators read as follows:
b 2 (ω) ≡ 9 2a cosh 2 (t/L) sinh(t/L)(sin θ 1 )(sin θ 2 )(cos θ 3 ),
cosh(t/L)(cos θ 1 )(sin θ 2 )(cos θ 3 ),
cosh(t/L) sin θ 3 (sin θ 1 )(sin θ 2 )
.
(B7)
